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Abstract. The characterization of physical systems requires a comprehensive
understanding of quantum effects. One aspect is a proper quantification of the
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states will be introduced which is based on the algebraic definition of classical
states. This definition resolves the ambiguity of the quantumness quantification
using topological distance measures. Classical operations on quantum states will
be considered to further generalize the ordering prescription. Our technique can be
used for a natural and unambiguous quantification of general quantum properties
whose classical reference has a convex structure. We apply this method to typical
scenarios in quantum optics and quantum information theory to study measures
which are based on the fundamental quantum superposition principle.
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1. Introduction
Characterizing the differences between the quantum
and classical domain of physics is of fundamental
interest for uncovering the quantumness of nature.
Typically there are quantum counterparts to classical
physics, such as coherent states in the system of the
harmonic oscillator, or product states in the field of
compound systems. Using classical statistical mixing,
these pure states may be generalized to mixed classical
ones. Thus, we obtain convex sets of states having
a classical analogue with respect to a given physical
property. Different measures have been introduced
for quantifying the amount of quantumness of states
having no such classical correspondence. These
measures induce an ordering prescription enabling us
to compare the quantumness of different states.
In the system of the harmonic oscillator, one
of the early attempts to quantify the amount of
nonclassicality has been given by the trace-distance
of an arbitrary state to the set of all classical ones
being mixtures of coherent states [1, 2]. This led to a
number of distance based nonclassicality probes, e.g.,
Hilbert-Schmidt-norm [3, 4] or the Bures distance [5]
measures. Some nonclassicality metrics are based on
the amount of Gaussian noise which is needed for
the elimination of any quantum interference within
the corresponding phase-space representation [6, 7,
8] or they directly use the negativities within the
quasiprobability distribution [9, 10] as an indicator of
the amount of nonclassicality.
Another method for the quantification of nonclas-
sicality is given via the potential of a state to generate
entanglement [11]. This translates quantumness of a
single-mode harmonic oscillator to the quantification
of entanglement. The axiomatic definition of general
entanglement measure is given in [12, 13, 14]. This def-
inition is based on so-called local operations and classi-
cal communications mapping separable quantum states
onto separable ones. Under all examples of entangle-
ment measures, there is one which is of particular inter-
est for our considerations: the Schmidt number [15, 16].
It has been shown that this entanglement measure has
some advantageous properties in relation to other mea-
sures [17]. In particular, the degree of nonclassicality
of a single mode system is directly transformed into
the same Schmidt number using linear optics [18].
For some applications not all states with the same
amount of quantumness are equally useful. For ex-
ample, it has been shown that states can be too en-
tangled for quantum computation [19]. Consequently,
operational nonclassicality and entanglement measures
have been introduced [17, 20]. In particular quan-
tum information protocols require information related
measures of quantum effects. For example, the Fis-
cher information [21, 22] is such a proper operational
probe. More generally, entropic measures have been
intensively studied [23, 24]. It has been shown that
entropic inequalities and tomographic information can
determine quantum correlations [25, 26, 27]. In gen-
eral, a given operational, distance-based, or entropic
metrics induces an ordering prescription, which yields
a particular sorting of quantum states regarding their
amount of quantumness for some applications.
In the current contribution we will use the inverse
approach, i.e.: a convex ordering prescription of
quantum states will imply a canonic measure. It
will be shown that distance measures are, in general,
not completely suitable for ordering quantum states
unambiguously. Studying the algebraic implications of
the definition of convex sets, we rigorously formulate an
ordering procedure which does not depend on a distinct
topological distance. We expand this method to
include classical operations being especially defined for
a particular notion of quantumness under study. The
obtained sorting procedure induces a corresponding
quantumness measures in a natural way. We apply
this method to basic examples, such as entanglement,
nonclassicality, and quantum information, showing the
importance of the quantum superposition principle for
the quantification of different quantum features.
The paper is structured as follows. In Sec. 2
we motivate our treatment. An unambiguous convex
ordering prescription will be proposed in Section 3.
In Sec. 4 we include classical operations to further
enhance the ordering technique. We introduce an
axiomatic quantification and we study measures that
count quantum superpositions in Sec. 5. A summary
and conclusions are given in Sec. 6.
2. Motivation
Let us consider the convex set of all (pure and mixed)
quantum states, Q, and a closed, non-empty, and
convex subset C ⊂ Q. The elements of C are supposed
to be states with a given classical property, e.g.:
separable states, Csep = conv{|a〉〈a|⊗|b〉〈b| : |a〉 ∈ HA∧
|b〉 ∈ HB}, or coherent states, Ccoh = conv{|α〉〈α| :
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α ∈ C}. The general task is the determination of the
amount of quantumness of an arbitrary quantum state
ρ ∈ Q with respect to the classical property under
study.
The convexity of the set C guarantees that a
mixing of two classical states remains classical. This is
important, because it ensures that statistical averaging
cannot increase quantum correlations. The closure of
C is motivated by the argument that a convergent
sequence of classical states should have its limit
in the classical domain too. These fundamental
requirements ensure that a classical system remains
classical employing classical operations and classical
statistics. Let us note that the property of quantum
discord does not meet these conditions, since a non-
zero discord can be obtained from a classical mixing of
two zero discord states [28].
One way of ordering quantum states is given by
the distance of these states to the set of classical states
C. Here we will show that sorting quantum states by a
distance cannot lead to one distinct order of states. For
the time being, let us assume a two dimensional convex
set C. Using an appropriate coordinate transformation,
this classical set C can be assumed to be a sphere – with
respect to the Euclidean norm ‖ · ‖2 – in the form:
C = {x ∈ Q : ‖x‖2 ≤ 1/2}. (1)
Now we may choose two nonclassical elements y1, y2 ∈
Q \ C, which are given in the standard basis: y1 =
(1, 0)T and y2 =
1√
2
(1, 1)T. The distance dp to the set
of classical states C in p-norm is given by
dp(y, C) = inf
x∈C
‖y − x‖p. (2)
For all p-norms the minimal distance of y1 and y2 to the
classical states is obtained for x1 =
1
2 (1, 0)
T ∈ C and
x2 =
1
2
√
2
(1, 1)T ∈ C, respectively, cf. Fig. 1. Thus, we
can calculate dp(y1, C) and dp(y2, C) for different values
of p,
dp(y1, C) = ‖y1 − x1‖p =
[(
1
2
)p
+ 0p
]1/p
=
1
2
(3)
dp(y2, C) = ‖y2 − x2‖p
=
[(
1
2
√
2
)p
+
(
1
2
√
2
)p]1/p
=
21/p
2
√
2
. (4)
This result displays the paradox of the quantification
of quantumness with distance measures in Fig. 1.
Depending on the choice of the norm, we can claim
that: y1 is more nonclassical than y2 (2 < p ≤ ∞); or
y1 is less nonclassical than y2 (1 ≤ p < 2); or y1 and
y2 have an equal nonclassicality (p = 2).
Let us note that this particular two-dimensional
cut already provides the ambiguity of the distance-
measure approach for any dimension of convex sets.
Additionally, any monotonic function of a distance,
for example entropies, will inherit this characteristic.
Figure 1. (color online) The dark gray area represents C, and
both gray areas depict Q. The upper point represents y1, the
other one represents y2. The blue circles are the spheres in 2-
norm showing the distance to C. The equal size of them implies
an equal 2-norm-distance for both points. The green squares
represent the spheres around the considered points in 1-norm.
In the case of the 1-norm, the square around y2 is larger than
those around y1. Whereas for the∞-norm spheres (red squares)
the relation is the other way around.
While those metrics can be useful in an operational
sense, they are not suitable for an unambiguous
quantification of the quantumness property itself. In
the following we will show that the convexity of the
classical set serves as the key element to resolve this
paradox.
3. Ordering Quantum States
A convex set C is characterized through its algebraic
definition,
ρ, ρ′ ∈ C ∧ λ ∈ [0, 1]⇒ λρ+ (1− λ)ρ′ ∈ C. (5)
The question whether a general element ρ ∈ Q is in the
convex set C, or not, is independent of the choice of a
distance. In addition, we show in Appendix A that the
normalization to tr ρ = 1 can be neglected from the
mathematical point of view. For the quantification, we
start with the formulation of a preorder relation .
Definition 1 Two quantum states ρ, ρ′ ∈ Q can be
compared by :
ρ  ρ′ ⇔ ∃γ ∈ C ∃λ ∈ [0, 1] : ρ = λρ′ + (1− λ)γ.
This means a quantum state ρ has less or equal
nonclassicality compared with another state ρ′, if ρ can
be written as a classical statistical mixture of ρ′ and a
classical state γ. Let us prove, that this relation fulfills
the requirements of a preorder.
Proof.  is reflexive: ρ = 1ρ + (1 − 1)γ ⇒ ρ  ρ; 
is transitive: ρ1  ρ2 and ρ2  ρ3 imply
ρ1 = λρ2 + (1− λ)γ1 ∧ ρ2 = κρ3 + (1− κ)γ2 ⇒
ρ1 = λκρ3 + (1− λκ)γ3 ⇒ ρ1  ρ3,
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with γ3 =
λ(1−κ)
1−λκ γ2 +
1−λ
1−λκγ1 and
λ(1−κ)
1−λκ +
1−λ
1−λκ = 1.
In conclusion,  is a preorder. 
For generating an order from the preorder , we
consider the following equivalence ∼=.
Definition 2 Two quantum states ρ, ρ′ ∈ Q have the
same order of quantumness, if
ρ ∼= ρ′ ⇔ ρ  ρ′ ∧ ρ′  ρ.
Proof. ∼= is reflexive: ρ  ρ ∧ ρ  ρ; ∼= is symmetric:
ρ  ρ′ ∧ ρ′  ρ ⇔ ρ′  ρ ∧ ρ  ρ′; ∼= is transitive:
ρ1 ∼= ρ2 and ρ2 ∼= ρ3 are equivalent to
ρ1  ρ2 ∧ ρ2  ρ1 ∧ ρ3  ρ2 ∧ ρ2  ρ3.
Using the transitivity of, we obtain ρ1  ρ3∧ρ3  ρ1.
Thus, ∼= is an equivalence relation. 
With respect to the equivalence ∼=, the  preorder
given in Definition 1 becomes an order. The missing
property is that  must be antisymmetric,
ρ  ρ′ ∧ ρ′  ρ⇒ ρ ∼= ρ′, (6)
which is true, cf. Definition 2. Thus, we have
constructed a rigorous way to order quantum states.
Proposition 1 Classical states have a minimal and
equal order, i.e.:
γ ∈ C ∧ ρ ∈ Q ⇒ γ  ρ and γ, γ′ ∈ C ⇒ γ ∼= γ′.
Any state ρ ∈ Q with a minimal order, ρ  γ ∈ C, is
classical, ρ ∈ C.
Proof. From γ = 0ρ+(1−0)γ and Definition 1 follows
γ  ρ. Hence we find for all classical states γ, γ′ ∈ C:
γ  γ′ ∧ γ′  γ; and therefore γ ∼= γ′. If ρ  γ ∈ C,
i.e. ∃γ′ ∈ C, λ ∈ [0, 1] : ρ = λγ + (1 − λ)γ′ , then ρ is
a convex combination of classical states and therefore
classical. 
The Definitions 1 and 2 provide an order of
quantum states, which is solely based on the convex
structure of C. These definitions highlight the
natural assumption that a statistical mixture of a
nonclassical state with a classical one cannot become
more nonclassical than the initial one, cf. Fig. 2.
Further on, in Proposition 1 it has been shown that this
order implies that all classical states are the only ones
with a minimal nonclassicality. The mixing property
and the minimality property of classical states are
essential for any quantification of nonclassicality.
4. Classical Operations
A classical quantum state may evolves in an
experiment or it propagates in a classical channel
including noise effects. Thus we have to deal with
operations which map our state within the set Q.
Operations with a classical counterpart must not
Figure 2. (color online) The inner green area represents C,
and the complete area represents Q. A nonclassical element ρ
is given. All elements ρ1 in the red (triangular) area above ρ
fulfill: ρ  ρ1. All elements ρ2 in the green and blue area below
ρ fulfill: ρ2  ρ.
increase the amount of quantumness. Therefore, we
study transformations mapping classical states onto
each other.
Definition 3 We call a linear operation Λ : Q → Q
a classical one, if ∀γ ∈ C : Λ(γ) ∈ C. The set of all
classical operations Λ is denoted as CO.
Proposition 2 The set CO is convex and a semi-
group.
Proof. The convexity follows from the linearity of the
operation space together with the convexity of the set
of classical states,
(λΛ1 + (1− λ)Λ2)(γ) = λΛ1(γ)︸ ︷︷ ︸
∈C
+(1− λ) Λ2(γ)︸ ︷︷ ︸
∈C
∈ C.
The semi-group property is given by
Λ1,Λ2 ∈ CO : (Λ1 ◦ Λ2)(γ) = Λ1(Λ2(γ)) ∈ C,
with the identity Id(γ) = γ ∈ C, being classical. 
These classical operations or channels can be
considered as quantum physical systems having a
classical analogue. This includes interactions which
evolve states in a classical way, or mix them with
classical noise. For special quantum tasks it might
be also useful to consider only sub-semi-groups of
CO, for example one-way classical communications for
entanglement or phase rotations and phase dispersion
for coherent states.
Now, we have to verify that classical operations
do not change the previously defined order. Therefore
we formulate the following proposition.
Proposition 3 (i) A classical operation does not
change the order, ρ  ρ′ ⇒ Λ(ρ)  Λ(ρ′). (ii) Mixing
a quantum state with a classical one, is a classical
operation.
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Proof. For (i) let us consider two states with ρ  ρ′
and a classical operation Λ, ρ = λρ′ + (1− λ)γ, which
implies Λ(ρ) = λΛ(ρ′) + (1 − λ)Λ(γ). Together with
Λ(γ) ∈ C and Definition 1 we obtain (i). For claim
(ii), we consider that a state ρ is mixed with a classical
state γ, λ ∈ [0, 1],
ρ′ = λρ+ (1− λ)γ
= λId(ρ) + (1− λ)(trρ)γ
= [λId( · ) + (1− λ)(tr( · ))γ] (ρ) = Λ(ρ).
The identical transformation Id and (tr( · ))γ are
classical, i.e., ∀γ′ ∈ C : (tr γ′)γ ∈ C, and the convex
structure of CO implies that Λ ∈ CO. 
This means that classical operations are compat-
ible with the order , and they cannot increase the
quantumness of the initial state. Therefore, the or-
der given in Definition 1 can be generalized by using
Proposition 3.
Definition 4 A quantum state ρ has a lower or equal
order of nonclassicality than the state ρ′, ρ  ρ′,
iff ∃Λ ∈ CO : ρ = Λ(ρ′). They have the same
nonclassicality, ρ ∼= ρ′, if ρ  ρ′ ∧ ρ′  ρ.
This quantumness ordering prescription naturally gen-
eralizes the previous convex ordering with respect to C
by including classical operations CO. Condition (ii) in
Proposition 3 proves that the ordering includes the pre-
vious Definition 1. In addition, the Definition 4 implies
that all quantum states below a given state ρ can be
written as Λ(ρ) for a classical operation Λ. Therefore
it simply follows
Λ(ρ)  ρ. (7)
Let us stress again, that the minimal states are
uniquely classical ones.
Now we want to further study properties of
classical operations. A subgroup of CO are classical
invertible maps CO−1, defined by
Λ ∈ CO−1 ⇔ Λ ∈ CO ∧ ∃Λ−1 ∈ CO. (8)
These are classical operations which can be reversed,
and the inverse is again a classical operation. This
group always exists, since the identical transformation
is its own inverse, Id ∈ CO−1. The importance of this
group is that it yields classes of quantum states with an
equivalent order. Let us assume a classical invertible
Λ ∈ CO−1 and an arbitrary state ρ ∈ Q. It follows
from ρ′ = Λ(ρ) that ρ = Λ−1(ρ′). Together with the
Definitions 2 and 4
ρ  ρ′ ∧ ρ′  ρ⇔ ρ ∼= ρ′. (9)
Hence, it is possible to identify quantum states with an
equal order of quantumness applying the group CO−1.
Proposition 4 All quantum states ρ, ρ′ ∈ Q, with
ρ′ = Λ(ρ) and Λ ∈ CO−1, have an equal order of
quantumness, ρ ∼= ρ′. 
Using the sphere shaped classical set in Fig. 2, we
observe in this case that classical invertible maps are
rotations around the center. This structure, in the
generalized scenario, will lead subsequently to nested
sets with increasing amount of quantum interferences.
5. Axiomatic Quantification of Nonclassicality
So far, we have introduced the algebraic quantumness
ordering prescription  on arbitrary classical, convex
sets C that are closed under classical statistical mix-
tures and operations. Hence, a distance independent
ordering technique is obtained. Eventually, we will use
this approach to quantify the amount of quantumness
in a natural way.
Let us stress again that the standard approach is
formulated in the opposite direction, i.e., a measure is
proposed which implies an sorting of states. Contrary,
the approach under study starts from a convex
geometric ordering. Using the derived ordering, we can
properly define quantumness measures. This means
that we can introduce functions µ, which map a
classical states, ρ ∈ C, to a real number µ(ρ).
Definition 5 A function µ : Q → R is a quantumness
measure, if ρ  ρ′ ⇔ µ(ρ) ≤ µ(ρ′).
The definition says that the measure quantifies the
ordering, which is given by the algebraic sorting .
Since for all classical states γ ∈ C holds γ  ρ ∈ Q, we
have µ(ρ) = infγ∈C µ(γ) =: µmin if and only if ρ ∈ C,
cf. Proposition 1. Typically, one uses the convention
µmin = 0. From the definition also follows
µ(ρ) ≥ µ(Λ(ρ)), (10)
for any classical operation Λ ∈ CO. Moreover, equally
ordered quantum states, ρ ∼= ρ′, have an equivalent
amount of quantumness,
ρ  ρ′ ∧ ρ′  ρ ⇔ µ(ρ) ≤ µ(ρ′) ∧ µ(ρ′) ≤ µ(ρ). (11)
The here considered quantification of quantum
states with nonclassical properties has been based
only on the most elementary definition of statistical
averaging (convexity of C) and the physical need for
classical transformations, CO. We did not make
any further assumption about the classical property
itself. In the case of entanglement, Definition 5 is
equivalent to the axiomatic definition of entanglement
measures [12, 13, 14] adding the compatibility with
local invertible transformations. For nonclassicality in
the notion of coherent states, Definition 5 is equivalent
to the algebraic approach in Refs. [18, 20]. Note
that the quantification procedure loses its generality
if only subsets of CO are considered, as it is often
done in entanglement theory by restricting the set of all
separable operations to operational subset of so-called
local operations and classical communication [29].
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5.1. Quantumness measures based on the quantum
superposition principle
As an example, we will consider in the following a
measure which relies on the quantum superposition
principle. Superpositions are the origin of the most
fundamental differences between classical and quantum
physics. Therefore, let us start with a set C0 of pure
classical states, |c〉 ∈ C0. The elements of the convex
set C of all classical states are given by
γ =
∫
C0
dPcl(c)|c〉〈c|, (12)
for a classical probability distribution Pcl. Hence, a
general classical state is a statistical mixtures of pure
classical ones. For nonclassical states, ρ ∈ Q \ C,
such a Pcl does not exist. The typical situation in
quantum physics is that a generalized P exists, but
it has negativities. This scenario is relevant for the
representations of both: expanding nonclassical states
using coherent ones C0,coh = {|α〉 : α ∈ C} with
the Glauber-Sudarshan representation [30, 31]; and
expanding entangled states by factorized ones C0,sep =
{|a〉 ⊗ |b〉 : |a〉 ∈ HA ∧ |b〉 ∈ HB} using optimized
entanglement quasi-probabilities [32].
Let us consider a classical operation, which has
the following form,
Λ(ρ) = MρM†, with M |c〉 = g(c)|f(c)〉, (13)
with a classical valued function f , i.e. |f(c)〉 ∈ C0,
and a complex valued function g. This operation is a
classical one,
Λ(γ) =
∫
C0
dPcl(c)M |c〉〈c|M†
=
∫
C0
dPcl(c)|g(c)|2|f(c)〉〈f(c)|, (14)
which is again (neglecting normalization, see Appendix
A) a statistical mixture of pure classical states. In case
that f is bijective and g(c) 6= 0 for all c, we have a
classical operation in CO−1,
M−1|c〉 = 1
g(c)
|f−1(c)〉. (15)
Examples are local invertible maps M = A ⊗ B
(∃A−1, B−1) for separable states, or, for coherent
states,
M = exp[xa†a] exp[ya] exp[za†], (16)
where x, y, z ∈ C, the annihilation and creation
operators a and a†, respectively, and
M |α〉 = exp[xa†a] exp[ya] exp[za†]|α〉
= e
|z+α|2−|α|2
2 +y(z+α)|(α+ z)ex〉 ∈ C0. (17)
It is worth to note that the convex set of all classical
operations, Λ ∈ CO, can be written in the form of
operator-sum decompositions [33], also called Krauss
operators,
Λ(ρ) =
∑
i
MiρM
†
i . (18)
Now we want to analyze a pure nonclassical state,
which may be written as
|ψ〉 =
r∑
k=1
ψk|ck〉, (19)
with |ck〉 ∈ C0 and r being the minimal number
which allows this decomposition. This representation
is possible for any pure state, if C0 includes at least
a basis of the Hilbert space. Therefore, the state |ψ〉
is a superposition of r classical states. The classical
operator M acts like
M |ψ〉 =
r∑
k=1
ψkg(ck)|f(ck)〉. (20)
It is important that M can only decrease the number
r, for example, in the case g(ck) = 0 for some k or for
f(ck) = f(ck′). If M · M† ∈ CO−1, then r remains
even unchanged. Therefore, let us define this minimal
number r of superimposed classical states as r(ψ),
r(ψ) = inf
{
r : |ψ〉 =
r∑
k=1
ψk|ck〉 ∧ |ck〉 ∈ C0
}
. (21)
Obviously this number is 1, iff the state is an element of
C0, and greater than one for a nonclassical pure state.
Now let us consider a mixed state ρ ∈ Q. This
state can be written in various forms as a convex
combination of pure states,
ρ =
∑
i
pi|ψi〉〈ψi|, (22)
with pi > 0 and
∑
i pi = 1. In this case µ(ρ) can be
obtained from a convex roof construction of r(ψ) [34].
In a particular decomposition given in Eq. (22) the
largest number of superposition of a pure state |ψi〉 can
be found as supi{r(ψi)}. Under all decompositions of
ρ, the desired one is that with a minimum of needed
superpositions. Thus, µ(ρ) is given by
µ(ρ) = inf
{
sup
i
{r(ψi)} : ρ =
∑
i
pi|ψi〉〈ψi|
}
− 1. (23)
This number is 0, iff the mixed state is classical
and greater than zero for nonclassical states. The
number can become infinity, if no finite number of
superpositions yields the given state. Let us highlight
that states with an amount of quantumness up to r
define nested convex sets, Cµ≤r = {ρ ∈ Q : µ(ρ) ≤ r}
with Cr ⊂ Cr′ for r ≤ r′.
For convenience, it is also possible to map µ(ρ)
together with a monotonically increasing function to
another measure µ′, e.g.,
µ′(ρ) = 1− exp(−µ(ρ)) ∈ [0, 1]. (24)
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We also point out that the measures µ and µ′
are invariant under classical invertible maps, CO−1,
which is important for being compatible with the
unambiguous ordering prescription. As we mentioned
in Sec. 2, this is not true for a distance-based
quantumness measure. Since CO−1 maps can be
considered as a transformation of the underlying
metric, a distance is in general not preserved.
This function µ(ρ) in Eq. (23) is found to be
an example of a quantumness measure based on
convex ordering, which additionally characterizes the
fundamental quantum superposition principle. In
the case of coherent states it counts the minimal
number of superpositions of (classical) coherent states
needed to generate the state under study [18, 20]. In
the case of entanglement it represents the Schmidt
number [17]. Hence, the given approach unifies and
generalizes the previously considered methods. States
with at most r superpositions define nested, convex
sets Cµ≤r, which is advantageous for the construction
of quantumness witnesses; cf. [35] and [36] for the
construction of degree of nonclassicality witnesses and
Schmidt number witnesses, respectively.
Let us note that the number of superpositions
as a quantifier of quantumness in Eq. (23) may be
further refined. For example the properties of the
individual classical terms |ck〉 in the superposition
decomposition in Eq. (19) could be taken into account.
For certain practical applications, such as special
quantum teleportation protocols, also the weighting
coefficients ψk can play a significant role. This,
however, leads to operational quantumness measures,
cf. [17], which are important for quantifying the useful
nonclassicality for particular applications. It might be
also useful to use the purity of a quantum state ρ to
further refine quantumness measures.
5.2. Example: Bits versus qubits
Another application of the superposition number is
related to quantum information processing. A classical
sequence of N bits i = (i1, . . . , iN ), with truth values
“0” and “1”, has a classical counterpart in a compound
qubit quantum system (C2)⊗N as
|i〉 = |i1〉 ⊗ . . .⊗ |iN 〉 ∈ C0, (25)
where |0〉 and |1〉 are the ground and excited state,
respectively, of any two-level system being described
by the individual Hamiltonians
H =
~ω
2
σz, with σz = |1〉〈1| − |0〉〈0|. (26)
Using classical probabilities, we only have statistical
mixtures of sequences of bits as
γ =
∑
i∈{0,1}N
pi|i〉〈i| ∈ C. (27)
Classical computational operations are those which
compute – including statistical imperfections or errors
– from a given classical sequence i another classical
string j of N bits with the probability p(j|i):
Λ(|i〉〈i|) =
∑
j∈{0,1}N
p(j|i) |j〉〈j|. (28)
An example of a classical invertible map is the N -
bit NOT operation, Λ( · ) = NOT⊗N ( · )NOT⊗N , with
NOT = NOT† = σx = |1〉〈0| + |0〉〈1|. Please also
note that the free unitary evolution with the given
Hamiltonian also maps any classical string onto itself,
see also [37].
Having identified the classical regime, we may
study the quantum regime. Here, the pure states can
be decomposed as
|ψ〉 =
∑
i∈{0,1}N
ψi|i〉, (29)
which is quantified by the superposition number
r(ψ) = |{ψi 6= 0}|, (30)
being the cardinality of the non-vanishing expan-
sion coefficients ψi. For example, a coherent super-
position in a GHZ-type configuration, (|0, . . . , 0〉 +
|1, . . . , 1〉)/√2, has a quantumness of r = 2. This
result, r > 1, quantifies that such a state is beyond
the classical information approach. A particular effect
which can destroy these quantum interferences is given
by decoherence, being the map
Λdc(ρ) =
∫ +pi
−pi
dϕ p(ϕ)(exp[iϕσz])
⊗Nρ(exp[−iϕσz])⊗N ,
for a classical phase distribution p(ϕ). We observe that
a full decoherence, i.e. a uniform distribution p(ϕ) =
1/(2pi), maps any initial state onto the corresponding
classical one,
Λdc(|ψ〉〈ψ|) =
∑
i∈{0,1}N
|ψi|2|i〉〈i|. (31)
Consistently our approach identifies that decoherence
diminishes quantum properties. In the case of full
decoherence we have µ(Λdc(ρ)) = 0 for any state ρ ∈ Q,
cf. Eq. (23). Therefore, our approach not only predicts
an unambiguous order of quantumness in quantum
information. It additionally characterizes the evolution
of these quantum properties in realistic scenarios.
6. Summary and conclusions
We have studied the quantification of quantum
properties with a convex classical reference. It was
outlined that distances-based measures, in general,
lead to an ambiguous quantification. The origin of
such a paradox lies in the fact that the nature of
quantumness is an algebraic rather than a topological
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one: The mixture of classical states yields a convex
subset of all quantum states.
Based on the conservation of a classical feature un-
der mixing, we have proposed a general convex ordering
method. For handling classical processes or channels,
we have additionally considered classical operations.
We have shown that these transformations can be used
to generalize our sorting procedure. By quantifying
this order, we have obtained quantumness measures
in a canonic form. In particular, quantumness probes
based on the determination of quantum superpositions
have been examined. The technique has been applied
to typical examples in quantum physics such as entan-
glement and nonclassicality in terms of the Glauber-
Sudarshan representation. Moreover, the embedding
of classical information processing into the quantum
domain led to a measure of the amount of quantum-
ness in quantum information. In case of decoherence,
we consistently retrieved the classical domain through
our quantification.
In conclusion, the number of quantum superposi-
tions represents a vital measure to quantify the quan-
tum nature of a system. Known examples have been
considered in this context and they have been general-
ized. Ambiguities, as observed for other measures, do
not occur and the role of reversible classical operations
has been outlined. Our approach characterizes the
quantum nature of states in terms of the fundamental
superposition principle, and it naturally relates classi-
cal correlations to statistical mixing of states. We be-
lieve that this approach will be useful for characterizing
even so-far unknown quantum effects in a broader con-
text and for the general understanding of the strength
of quantum effects in physical systems.
Appendix A. Normalization
Let us consider the normalization. It is more
convenient to use the following sets,
Q′ = {λρ : λ ≥ 0 ∧ ρ ∈ Q}, (A.1)
C′ = {λρ : λ ≥ 0 ∧ ρ ∈ C}, (A.2)
instead of the normalized states, i.e. states with a
unit trace: tr ρ = 1. The sets Q′ and C′ represent a
cone construction over the sets Q and C, respectively.
According to these definitions, an element ρ3 is element
in C′, if it can be written as a positive (λ1, λ2 ≥ 0)
linear combination of elements ρ1, ρ2 ∈ C,
ρ3 = λ1ρ1 + λ2ρ2. (A.3)
In general, this linear combination is given by neither
normalized states nor in a convex form. However,
it can be rewritten in such a form. With tr ρ3 =
λ1tr ρ1 + λ2tr ρ2, we obtain
ρ3
tr ρ3
=
λ1tr ρ1
λ1tr ρ1 + λ2tr ρ2
ρ1
tr ρ1
+
λ2tr ρ2
λ1tr ρ1 + λ2tr ρ2
ρ2
tr ρ2
.
This is obviously a convex combination of normalized
states. Therefore we can neglect without any loss of
generality the normalization of the quantum states and
perform the normalization at the end of our treatment.
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